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Contribution

How does pretraining shapes the inductive
bias of the network during fine-tuning?

A minimal model of the inductive
bias of pretraining and fine-
tuning with applications to
practical settings
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1. From single-task learning to PT+FT

The starting point is the rich/lazy distinction.
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1.1 Implicit bias of single task

Pretraini
ng

Lazy learning / Kernel regime

Learning regimes

Rich / feature learning

The network learns a solution
similar to kernel regression
with a static kernel called
the Neural Tangent Kernel
(NTK) .

Initialisation absolutlk
scale

The network learns a
solution where the NTK 1is
not static.

Controlled by

Initdialisation relative skale
u & Ziyin, 2024; Kunin et al., 2084,
Doming et al., 2025; Jarvis et al., §2025.

Output scale
Jacot et al., 2018.




1.1 Implicit bias of single task

Pretraini
ng Implicit bias

These two dynamical regimes lead to different interpolating
solutions and implicit bias.

Lazy ~ Dense bias Rich ~ Sparse bias

Network uses a dense set of Network uses a sparse set
features features

[Gunasekar et al., 2018 Woodworth et al., 2020 Azulay




1.1 Implicit bias of single task

Pretraini

ng

Setup Diagonal linear networks trained with gradient flow
until con- )ence

Diagonal linear networks: a minimal theoretical model of feature
learning




1.1 Implicit bias of single task

Pretraini

Tigorem 1.1. For unbiased initialization, suppose that the
gradient flow solution fBpt(c0) satisfies XppBpr(00) =
ypt. Then the gradient flow solution at convergence is given
by

Bpr(00) = arglg}ngk(ﬂPT) s.t.  XprBpr = ypr,

D
where Qr(BpT) = Z k. (BPT,d);
d=1

anid qk(z)=ﬁ|:1— 14 p +\/’_carcsinh(%)],

4z2 2z

4

2 ((w§(0)* + (v (0)°),

[Gunasekar et al., 2018 Woodworth et al., 2020 Azulay




1.1 Implicit bias of single task

Pretraini Soft inductive bias induced

Tgorem 1.1. For unbiased initialization, suppose that the by “Q-penalty”
gradient flow solution Bpt(00) satisfies XppBpr(00) =
yp1. Then the gradient flow solution at convergence is given
by

Bpr(c0) = arg %B? Qr(Bpr) st XprBer = ypr, &
D

where  Qi(Bpr) =Y _ ar,(BpT.a);
d—1

2 _
and qi(z) = g ll — AT+ 42 + j%arcsinh(z)] ; :

and 01
Via =2 ((w}(0)* + (v (0)*), ¥ 5 F i B & @

Q-penalty depends on initial

Initialisation scale

[Gunasekar et al., 2018 Woodworth et al., 2020 Azulay WEIght magnltUde
et al ; 9097]




1.1 Implicit bias of single

Pretraini

Tigorem 1.1. For unbiased initialization, suppose that the
gradient flow solution Bpt(00) satisfies XppBpr(00) =
ypr. Then the gradient flow solution at convergence is given
by

Bpr(o0) = arg %ﬁn Qr(Ber) st XppBer = ypr,
PT

D

where  Qr(Bpr) = Y _ ak,(BrT.0);
d=1

vk

and

Via =2 ((w3(0)* + (v (0)*),

Initialisation scale

[Gunasekar et al., 2018 Woodworth et al., 2020 Azu
et al ; 9f)97]
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1.1 Implicit bias of single task

Pretraini Approach to L1
Tigorem 1.1. For unbiased initialization, suppose that the for small k
gradient flow solution Bpt(00) satisfies XppBpr(00) =
ypt. Then the gradient flow solution at convergence is given - — k=0.25
by — k=4
Bpr(c0) = arg min Qr(Ber) st Xprfer = ypr, & — k=64
P
L N
where  Qr(Bpr) = Y _ ak,(BrT.0); S 4]
d=1

vk 422 2z ( 22 ) 21

and z)=—|1—14/1+ - arcsinh| — | |,
ak(2) = PR 7
and : - 0 '
V=2 ((w;;(O)) + (v (0)) ) , i -
Z

Initialisation scale

[Gunasekar et al.,
ot a7 ; 7077]

2018 Woodworth et al.,

2020 Azu.

Approach to L2
for large k
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ng tuning

Initialisation How does
controls feature pretraining

learning influence the
downstream
fine-tuning

implicit bias ?
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1.2 The implicit bias of PT+FT

Pretraini

shared

PrFrT Fraction shared active dime

Inactive dimension

TLELL

ppT Fraction pretrain active PrT Fraction new active dimensi

dimension

Task Parameters



1.2 The implicit bias of PT+FT

Fine-tuning

Theorem 1.2 (Implicit bias). Consider a diagonal linear
network trained on PT+FT. Then, the gradient flow solution
at convergence is given by

argmin Qi (Brr) s.t. XprBrr = YFT, CpT Pretraining
Brr absolute scale

ApT Pretraining

D
where Qr(Bpr) = zqkd(ﬂFT,d), relative scale
d=1 YET Fine-tuning output

> rescaling
vk (1_ 1+4Z + : Bpr Pretraining network

ak(2) = —
4 k k function

ki = (2CPT(1 + )\PT) (1 + \/1 + (ﬂApT d/CpT)z) + ’)’2)2.

[See also Lippl & Lindsey (2024)]




1.2 The implicit bias of PT+FT

Fine-tuning

Proposition 1 (Definitions of /-order and Pretraining Dependence). The implicit bias of fine-
tuning is characterized by:

{-order :=

0log |BFrr 4| ~2 = ly-like / lazy learning.

0log qr,(BFrT,4) {% 1 = sparse / rich learning,

_ Olog gy, (BFT.d) {z 0 = independent of PT features,

PD:= . .
dlog |Bpr,4| < 0 = large PT features receive smaller penalties.

[Lippl & Lindsey (2024)]
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2. From implicit bias to generalization

The right regime depends on sparsity and task overlap.
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3. Do the same levers matter in practical
networks?

A small ResNet/CIFAR test of the theoretical control knobs.
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3. Do the same levers matter in practical

ResNet18 ‘Cifarl00 experiment
Scale Relative Scale Re-initialisation Scale

YFT  —o0.1
—0.5

—1:0

=30

10.

o
[

—
=
=
w
)
0
_—

100 1000 100 1000 100 1000
Number of Samples  Number of Samples  Number of Samples

We show that the relative scaling, scale and output
rescaling also impact the generalisation of fine-
tuning 1n practice
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We analytically derive the implicit bias of PT+FT in diagonal linear
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We show that the same parameters also
impact the degree of feature learning 1in
fine-tuning non-linear network.
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The best regime is not universal: 1t depends on

pretraining characteristics and the task
overlap and sparsity.




4. Conclusion and Outlook

Future directions

® Continual/Curriculum learning across
multiple tasks.

® Unlearning.

® Different fine-tuning meth

V%T(O) = '}’FTviI’:T(O)
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4. Conclusion and Outlook

Future directions

® Continual/Curriculum learning across
multiple tasks.

® Unlearning.

® Different fine-tuning meth

V%T(D) = '}‘FTV;'__T(O)

Broader view
® Understanding learning regime across more complex setups
¢ TIn neuroscience

¢ In machine learning
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Thank you!

Left to right, top to bottom: Nicolas
Anguita Samuel Lippl, Francesco
Locatello, Marco Mondelli, Andrew
Saxe, Flavia Mancini
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Outstanding questions

e Can we measure l-order and feature dependence in large-scale networks?

e Does an inverse correlation between the two measures hold in large-scale networks as well?
e Can we induce nested feature learning through explicit regularization?

* |Is the nested feature learning regime relevant for learning in humans and animals as well?

* Can we use explicit weight regularization to theoretically understand the impact of initialization in
other scenarios as well?



Background: Rich and Lazy learning regime in neuroscience

Leafiness

Branchiness

Leafiness

Branchiness

Laz
y nonlinear high-
dimensional projections

Random nonlinear |
projections Gabor filters (V1 simple cells)

Reservoir networks ~ mixed-selective
representations™

Neural Tangent Kernel prefrontal cortex

early visual cortex”

. . . . Current Opinion in Neurobiology
Non-linear mixed selective representations Manifold learning

Lazy regime

[Rigotti et al. 2013, Raposo et al. 2014,., Tang et al. 2019, Flesch et al. 2022, Farrell et al. 2023, Boyle, et al 2024, Courellis et al. 2024, Nogueira et a./ 2022 |

Rich regime

1/



Background: Rich and Lazy learning regime in neuroscience

lowD

High dimensional
neural codes imply
greater separability

lowD

Low dimensional neural
codes imply greater
generalisability

54

[Rigotti et al. 2013, Raposo et al. 2014,., Tang et al. 2019, Flesch et al. 2022, Farrell et al. 2023, Boyle, et al 2024, Courellis et al. 2024, Nogueira et a./ 2022 |
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Application

Now, from Azulay et al. (2021), we know that the implicit bias of a diagonal linear network is parameterized as in Eq. (1)
that converges to a zero loss solution can be expressed as:

B.(o0) = arg glFl_!rl Qr(Brr) st XjppBrr =yrr,

D
where  Qk(8rr) = ak, (Brr.0);
i=1

5 k 422 2 3 2
with qk(z)=§(l— l+%+7:carcsmh(71)),

- 2
where k; = 4¢7. In our case k; = 4ct; = (2(/\n~,i + cpr,i) (1 +4/1+ (ﬂp'r,i/cp'r,i)z) + 'ypr) . Hence k; = 4cip ;.
The theorem follows from replacing :\pq-,,- = ApT.iCPT,i- O
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Application

x =10 k=2 k=10 k=05 k=01 —+— ENSD

Layer

Figure 6. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the kg re-initialization.
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Figure 7. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the cpr re-initialization.




Application

yir = 0.1
20 !

151

Yir = 0.5

, [+~ PR Pre
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Figure 8. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the v re-initialization.
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Figure 9. ResNet experiments on CIFAR-100. (a) Generalization performance as a function of the number of samples and initalization
parameters. We vary cg7. (b) Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as a function of the
~F7 re-initialization.
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Generalization in neural networks (Taylor’s Version)

Approach Approximate neural networks by their
first-order Taylor approximation

(“neural tangent kernel”, NTK)

Initial weights: 9(}

Initial function: f(a;6p)
Initial derivative: Oy f(x; 0p)

Taylor approximation:  f(z;0) = f(x;600) + Og f(x;00)(6 — 6y)

Large initial weights
= neural networks are approximated by the NTK throughout training



NTK cannot explain generalization in neural networks

Simple ReLU networks generalize

better from small weights
(Chizat et al., 2019)

Test loss
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Neural networks perform better on
real-world tasks than their NTK
approximation (Vyas et al., 2023)
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A Minimal Model of Pretraining and Fine-tuning

Set-up Scalar

wg >>2> *wf

Lambda-balanced = relative scale

[Kunin et al. 2024, Dominé and Anguita et al. 2024]



A Minimal Model of Pretraining and Fine-tuning

Set—up Scalar

bo
— o
|

>

Scalar wy — W

relative scale =# scale

[Kunin et al. 2024, Dominé and Anguita et al. 2024]



